Abstract. We show that on every compact spin manifold admitting a Riemannian metric of positive scalar curvature Friedrich's eigenvalue estimate for the Dirac operator can be made sharp up to an arbitrarily small given error by choosing the metric suitably.
Introduction and Statement of the Result
On an n-dimensional compact Riemannian spin manifold M the Dirac operator has discrete real spectrum consisting only of eigenvalues of finite multiplicity. If the manifold has positive scalar curvature, then 0 lies in a spectral gap, more precisely, Friedrich [4] showed that all eigenvalues λ of the Dirac operator satisfy
This inequality is sharp in the sense that there are examples in all dimensions where equality is attained for the eigenvalue of smallest modulus. The standard sphere provides such examples. Equality in this estimate implies strong restrictions on the manifold. The manifold must be Einstein and the corresponding eigenspinor then must be a Killing spinor. The geometric types of manifolds admitting such Killing spinors are classified, see [2] . In particular, in even dimension n = 6 only the standard sphere carries Killing spinors.
The dimension dependent coefficient c n = n 4(n−1) in the estimate can be improved if one imposes geometric assumptions on the metric. Kirchberg [6, 7] showed that for Kähler metrics c n can replaced by n+2 4n if the complex dimension n 2 is odd, and by n 4(n−2) if n 2 is even. For quaternionic Kähler manifolds Kramer, Weingart, and Semmelmann [8] showed that c n can be improved to n+12 4(n+8) . Alexandrov, Grantcharov, and Ivanov [1] showed that if there exists a parallel oneform on M , then c n can be replaced by c n−1 = n−2 4(n−1) . In a recent paper Moroianu and Ornea [9] weakened the assumption on the 1-form from parallel to harmonic with constant length. They believed that the condition of having constant length is also unnecessary and conjectured [9, Conj. 1]: All Dirac eigenvalues λ on an n-dimensional compact Riemannian spin manifold with nonzero first Betti-number satisfy We show here that this conjecture is false. More precisely, we prove Theorem. Let M be a compact n-dimensional Riemannian spin manifold with positive scalar curvature.
Then there exists a smooth one-parameter family of Riemannian metrics g ε on M , ε ∈ (0, ε 0 ], such that
is the smallest eigenvalue of the square of the Dirac operator D M,gε on (M, g ε ).
The lower eigenvalue bound is nothing but Friedrich's estimate. Thus the theorem says that Friedrich's estimate can always be made "almost sharp" by choosing suitable metrics. In particular, the dimension dependent coefficient n 4(n−1) in the estimate cannot be improved by imposing additional topological assumptions like bounds on the Betti numbers. This is indeed remarkable since equality in Friedrich's estimate is so restrictive on the manifold. The manifold then has to be Einstein with positive Einstein constant. So it has positive Ricci curvature, hence its fundamental group is finite by the Bonnet-Myers theorem. In particular, the first Betti number must vanish. On the other hand, our theorem says that "almost equality" in Friedrich's estimate does not impose any topological restriction on the manifold.
The Proof
We start by proving two preliminary lemmas.
Then for each δ > 0 there exists R 1 (δ) > 0 such that for each compact n-dimensional Riemannian spin manifold M containing an isometric copy of M −B r (p) as an open subset (with the same spin structure) where B r (p) is the geodesic ball about p of radius r, 0 < r ≤ R 1 (δ), we have
Moreover, R 1 depends smoothly on δ.
Proof. Let ϕ be a nontrivial eigenspinor on M to the eigenvalue λ of D where
, the injectivity radius of p. For 0 < r ≤ r 0 choose a smooth cutoff-function χ ∈ C ∞ (M ) satisfying
The spinor field χϕ vanishes on B r (p) and can therefore also be considered as a spinor on M . Therefore
where C is a positive constant depending only on M , r 0 , p, and ϕ. In ( * ) we used that the mixed terms χλϕ, grad χ · ϕ and grad χ · ϕ, χλϕ cancel because Clifford multiplication with grad χ is skew-symmetric. The lemma follows.
There exists a smooth one-parameter family of Riemannian metrics h δ on S n , δ ∈ (0, δ 0 ], such that
Proof. The idea of the proof is this. Consider the sphere with its standard metric embedded in Euclidean space Careful smoothing of this hypersurface in a neighborhood of the equator yields a hypersurface S n η diffeomorphic to S n such that
If p was placed on the equator in the beginning, which we may assume, then the statements on the scalar curvature follow immediately. The bound on the Dirac eigenvalue is a consequence of
To make the smoothing of S n +,η ∪ S n −,η explicit we start with the case of dimension n = 2. The 2-sphere is a surface of revolution, parametrized by
with r(t) = √ 1 − t 2 . The general formula for the principal curvatures of a surface of revolution is
In our case of the sphere κ t = κ θ = 1. The smoothed hypersurface S 2 η will also be a surface of revolution with radius function r η : [−1 + η, 1 − η] → R chosen subject to the following conditions:
(1) r η is smooth on (−1 + η, 1 − η) and even (2) r η (t) = 1
For (2) and (3) to make sense we assume that η < . Thus (6) implies (5).
Moreover, by (2) and (3) we obtain r η (±η) = 1 − 4η 2 and so, by (6), we see
Hence (4) is also a consequence of (2), (3), and (6).
Condition (6) follows from (2), (3), and (8).
To make sure that conditions (2), (3), (7), and (8) can be realized we need to assume S > 1, which we do without loss of generality, and that η is so small that
Graph ofṙ η Fig. 3 Conditions (1) - (8) together with the explicit formulas for the principal curvatures imply
At this point we return to the general case of dimension n ≥ 2. If n ≥ 3, then we perform exactly the same smoothing, i. e. we use the same warping function r η (t) where t is the first Cartesian coordinate in R n+1 . For every 3-dimensional vector subspace E ⊂ R n+1 containing e 0 the reflection across E is an isometry of R n+1 leaving the smoothed hypersurface S n η invariant. Hence the fixed point set E ∩ S n η is a totally geodesic submanifold of S n η so that its principal curvatures are also principal curvatures of S n η . Therefore the principal curvatures κ 1 , . . . , κ n of S n η
. . , n. This implies for the scalar curvature Scal = i =j κ i κ j and the mean curvature
The volume of the part of S n η contained in the strip −η ≤ t ≤ η is of order O(η).
Multiplying S n η by the factor (1 − 4η 2 ) yields
2 )-tubular neighborhood of the equator
Substituting a suitable multiple of η by δ concludes the proof.
Proof of the Theorem. Without loss of generality we may assume that M is connected. If M is 2-dimensional it must be the 2-sphere. The constant family g ε = g can does the job where g can is the standard metric of constant Gauss curvature 1 because
From now on let n ≥ 3. Pick a Riemannian metric h on M such that Scal h ≥ 2n(n − 1). Apply Lemma 2 with S = 2n(n − 1) and obtain a smooth one-parameter family of metrics h δ on S n such that
• Scal h δ ≥ n(n − 1)
• Scal h δ | B R 2 (δ) (p) ≥ 2n(n − 1)
4 + δ Let r(δ) be a smooth function of δ such that 0 < r(δ) ≤ min{R 1 (δ), R 2 (δ)}. Now form the connected sum M of (S n , h δ ) and (M, h) such that the metric h δ remains unchanged outside B r(δ) (p). Thus M contains an isometric copy of S n −B r(δ) (p) and by Lemma 1 we obtain
Performing connected sums in dimension n ≥ 3 (or, more generally, surgery in codimension ≤ 3) does not decrease scalar curvature too much if the metric on the connected sum is chosen carefully, see [5, Proof of Theorem A] and [10, Proof of Theorem 3.1]. Since Scal ≥ 2n(n − 1) on B r(δ) (p) as well as on M we may assume that the metric on M still has scalar curvature Scal ≥ n(n − 1). Moreover, the construction of the metric on M can be done smoothly in δ. Since M is diffeomorphic to the original manifold M the substitution ε = 2δ yields the theorem.
